
VU Research Portal

Advances in Derivative Estimation:

Volk-Makarewicz, W.M.

2014

document version
Publisher's PDF, also known as Version of record

Link to publication in VU Research Portal

citation for published version (APA)
Volk-Makarewicz, W. M. (2014). Advances in Derivative Estimation: Ranked Data, Quantiles, and Options. [PhD-
Thesis - Research and graduation internal, Vrije Universiteit Amsterdam]. Amsterdam Business Research
Institute.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

E-mail address:
vuresearchportal.ub@vu.nl

Download date: 24. May. 2023

https://research.vu.nl/en/publications/ab139c0b-274d-429b-8d95-2f54e154eca7


Chapter 2

An Investigation into the
Derivative Estimation of Ranked-
Data Statistics

2.1 Introduction

Let Z = (Zi : 1 ≤ i ≤ n) be a sequence of independent and identically distributed
(i.i.d.) continuous copies of a real-valued random variable Z . The order statis-
tic, Zl :n , l = 1, . . . ,n, is the l th , smallest random variable value from an ordered
sequence of Z. With probability one there is a strict order relation amongst1 the
random variables where

Z1:n < Z2:n < . . . < Zl :n < . . . < Zn:n .

We assume that the distribution of Z depends on some controllable distribu-
tional parameter θ, where we assume for the sake of simplicity that θ ∈ Θ =
(a,b) ⊂ R, a < b. If we want to stress the dependence of Z on θ, we will write
Z (θ).

Given l ∈ {1, . . . ,n} as one of the ranks, we consider the following derivative
estimation problem:

d

dθ
Eθ[Zl :n] , (2.1)

referred to as the order statistic problem (OSP).

We denote the cumulative distribution function (c.d.f.) of Z by F and ad-
ditionally the probability density function (p.d.f.) function by f . If we want to
emphasize the dependence on θ, we write the distribution function by Fθ and
respectively fθ for the density function. We denote the quantile of Z , respec-
tively of F , at a level α ∈ (0,1) by qα, see Equation (1.39). As Z is continuous,
from Equation (1.39), we can write the quantile as the inverse of the distribution

1For a discrete distribution however, there is ambiguity in the relation due to the (countable)
support.
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function, since F is non-decreasing. For convenience, we have repeated the ex-
pression:

qα = sup
{

y : F (y) =α}= F−1(α). (2.2)

The quantile is also denoted by qα(θ) if we want to emphasise the parameter de-
pendence. A standard statistical estimator for the quantile is the order statistic
Zdαne:n , where dxe denotes the smallest integer greater than x.

The relationship between quantiles and order statistics was first determined
by Bahadur in [4] for i.i.d. random variables by showing almost sure conver-
gence of Zdαne:n towards qα. The requirement of independence in the result has
been weakened progressively, for instance, in [92] to m-dependent random vari-
ables2, and in [93] to φ-mixing random variables in which the random variables
are asymptotically independent. The most recent significant generalization was
introduced in [105], where the same convergence result was established for non-
linear time series including stochastic recursive sequences satisfying a geomet-
ric matching condition. That paper also provided further refinements in the
Bahadur-type result for short and long-run dependent linear sequences.

We consider the following derivative estimation problem:

∂

∂θ
lim

n→∞Zdαne:n = ∂

∂θ
qα(θ) a.s., (2.3)

which will be referred to as the quantile problem (QP). Note that the QP is the
limiting version of the OSP in (2.1) and the OSP will serve as a first step towards
the analysis of QP. However, the OSP is a problem in its own right as in many
applications the basic characteristic is based on a fixed, finite number of ob-
servations as we will explain later in the text with examples from finance and
quality control.

Firstly, we will derive unbiased estimators for (2.1). For the expression in
(2.3) we develop estimators that are strongly consistent, asymptotically unbi-
ased, and that satisfy a central limit theorem, allowing us to construct confi-
dence intervals for ∂θqα(θ). To establish these estimators we will work with the
derivative estimation methods of Measure-Valued Differentiation (MVD), [83],
Score Function Method (SF), [89], and Infinitesimal Perturbation Analysis (IPA)
[47] [36]. An overview for the underlying approach and the mechanics of the
individual method for these derivative estimation methods has been provided
in the Introduction chapter, Section 1.2. Numerical examples will illustrate the
performance of the resulting estimators.

2A sequence (Xn ) of random variables are called m-dependent if Xn and Xn+k are indepen-
dent for any n provided that k ≥ m.
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2.2. DERIVATIVE ESTIMATION OF RANKED-DATA

This chapter provides a unified analysis for all three gradient estimation ap-
proaches. The sensitivity analysis of the QP problem is based on what appears
to be a generic argument for perturbation analysis of quantiles. Working out the
specific details for IPA, SF and MVD will then educe results for the corresponding
estimators. In the course of this eduction, we will establish almost sure conver-
gence of the IPA estimator, which improves upon the convergence result in [57],
where only convergence in probability is proven.

This chapter is organized as follows. In Section 2.2 we present the ranked-
data derivative estimators. The order statistic problem will be discussed in Sec-
tion 2.3. In Section 2.4 we will discuss the quantile problem. We conclude this
chapter with guidelines for derivative estimation for order statistic related per-
formance measures in Section 2.5.

2.2 Derivative Estimation of Ranked-Data

In Section 2.2.1 we introduce the basic ranked-data gradient estimators for In-
finitesimal Perturbation Analysis, Score Function, and Measure Valued Differ-
entiation. In Section 2.2.2, we confirm that for distributional approaches, differ-
entiation can be conducted with respect to aggregated random variables.

In this section we denote X ∈ R as an input random variable to a mapping
h. If we want to stress the dependence due to parameter we denote the random
variable by X (θ).

2.2.1 The Basic Estimators

The starting point of our analysis is a sample of m i.i.d. random variables
Z = (Zi : 1 ≤ i ≤ m). For α ∈ (0,1) and m ∈ N, we denote the projection of the
ordered sample of Z ∈Rm on element dαme by ordα,m ; i.e.,

Zdαme:m = ordα,m(Z1, . . . , Zm). (2.4)

In the following, let (cθ, Z+, Z−) be a representation for the weak derivative of
Z , and let ((Z+

j , Z−
j ) : 1 ≤ j ≤ m) be an i.i.d. sequence. We firstly introduce the

two MVD derivative estimators as follows. The standard MVD derivative estima-
tor is attained from successively replacing the elements Z j in Z by Z+

j and Z−
j

respectively due to the product rule representation of the weak derivative, [52]

DMVD
1 (m) = cθ

m∑
j=1

(
ordα,m

(
Z1, . . . , Z j−1, Z+

j , Z j+1, . . . , Zm

)
− ordα,m

(
Z1, . . . , Z j−1, Z−

j , Z j+1, . . . , Zm

))
. (2.5)
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The symmetric MVD derivative estimator is attained from respectively substitut-
ing (w.l.o.g.) the last entry Zm of Z by Z+

m and Z−
m , and re-scaling the difference

by m:

DMVD
2 (m) = mcθ

(
ordα,m

(
Z1, . . . , Zm−1, Z+

m

) − ordα,m
(
Z1, . . . , Zm−1, Z−

m

))
.

Secondly, we introduce the standard score function estimator by

DSF
1 (m) = ordα,m(Z1, . . . , Zm)

m∑
j=1

SFθ(Z j ),

and the symmetric score function estimator, which is a re-scaled version of the
standard estimator applied only to entry Zm , by

DSF
2 (m) = m ordα,m(Z1, . . . , Zm)SFθ(Zm).

Finally, we introduce the IPA derivative estimator

D IPA(m) = ∂

∂θ
Zk (θ), where k = (dαme : m).

The IPA estimator suppresses the dependence of the index (dαme : m) on θ. Note
that in many models this is a reasonable assumption: If Z is monotone as a map-
ping of θ with probability one, then for a given sample-path the index (dαme : m)
is independent of θ, as it is constant, only depending on the underlying ran-
domness. As we will explain in the proof of Theorem 2.1, this holds under quite
general conditions that the index (dαme : m) is independent of θ for a given re-
alization.

2.2.2 A Lemma

As differentiation w.r.t. the parameter θ is conducted w.r.t. only one of our sam-
ple of m random variables, we need to extend on Section 1.2.2 and to verify that
differentiation of X (θ) carries over to aggregated random variables. This is de-
rived in the next Lemma.

Lemma 2.1. Consider random variables X (θ) ∈ R and Y ∈ Rn , and let Z (θ) =
h(Y , X (θ)) for a measurable mapping h from Rn+1 to R. Suppose that X (θ) is
D-differentiable for D =Bv ,Cv , and that Y is not parameterized by θ. In addi-
tion, let D̂ be the induced function space such that for any function g ∈ D̂, the
conditional expectation E[g (h(Y , X (θ)))|X (θ) = (·)] ∈D. Then the following two
statements hold:
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2.3. THE ORDER STATISTIC PROBLEM

(i) Suppose that X (θ) has a weak derivative (cθ, X +(θ), X −(θ)), then Z (θ) is D̂-
differentiable with weak derivative (cθ, Z+(θ), Z−(θ)) where

Z+(θ) = h(Y , X +(θ)) and Z−(θ) = h(Y , X −(θ)).

(ii) If the score function of X (θ) is given by Equation (1.19), then for the random
variable Z (θ), SFθ(Z (θ)) = SFθ(X (θ)).

Proof: Part (i). As E[g (h(Y , X (θ)))|X (θ) = (·)] ∈D, given g ∈ D̂, the results follows
from the D-differentiability of X (θ)

d

dθ
E[g (Z )] = d

dθ

∫
R
E[g (h(Y , X (θ)))|X (θ) = x] fθ(x)dx

= cθ

(∫
R
E[g (h(Y , X (θ)))|X (θ) = x] f +

θ (x)dx

−
∫
R
E[g (h(Y , X (θ)))|X (θ) = x] f −

θ (x)dx

)
= cθ

(
E
[
g (Z+(θ))

] − E
[
g (Z−(θ))

])
.

Part (ii). Alternatively, given the above requirements, interchange of derivative
of integral yields

d

dθ
E[g (Z )] =

∫
R
E[g (h(Y , X (θ)))|X (θ) = x]

∂

∂θ
fθ(x)dx

=
∫
R
E[g (h(Y , X (θ)))|Xθ = x]SFθ(x) fθ(x)dx

= E[g (Z (θ))SFθ(X (θ))
]

,

which concludes both proofs. �

Example 2.1. Let X be Bv -differentiable and let h(x) = 1{[a,∞)}(x) ∈ B be the
indicator mapping of the interval [a,∞). Since v(x) ≥ 1, for all x ∈R, B⊂Bv and
so h(X ) is also Bv -differentiable. Note that if X is a continuous random variable,
then h(X ) becomes a discrete random variable.

2.3 The Order Statistic Problem

In this section we present our results for the OSP. First, we will provide the tech-
nical analysis in Section 2.3.1. Then, in Section 2.3.2 we will present numerical
examples.
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2.3.1 Technical Analysis

For the OSP, our assumptions are based upon the assumption needed for the
three derivative estimation approaches.

(A1) Z = (Zi : 1 ≤ i ≤ m) is an i.i.d. collection of random variables with a contin-
uous distribution function.

(A2 MVD) The random variable Z is D-differentiable with D=Bv ,Cv , and a version
of its weak derivative is given by (cθ, Z+, Z−). For estimators DMVD

l , for
l = 1,2, we assume that each pair (Z+

j , Z−
j ) is independent of the nomi-

nal random variables Z\Z j = (Z1, . . . , Z j−1, Z j+1, . . . , Zm). However, no as-
sumption on the dependence structure of (Z j , Z+

j , Z−
j ), j = 1, . . . ,n, is im-

posed.

(A2 SF) There exists an open neighbourhoodΘ of θ such that

(1) fθ(x) is differentiable w.r.t. θ onΘ for all x,

(2) for any θ′ ∈Θ, it holds that fθ(x) = 0 implies fθ′(x) = 0 for all x,

(3) it holds that ∫
R

(1+|z|)sup
θ∈Θ

∣∣∣∣ ∂∂θ fθ(z)

∣∣∣∣ dz <∞.

(A2 IPA) The random variable Z (θ) is almost surely differentiable w.r.t. θ and Z (θ)
is Lipschitz continuous with integrable modulus of continuity; i.e., an in-
tegrable random variable K(Z (θ)) exists such that

|Z (θ+∆)−Z (θ)| ≤ |K(Z (θ))|∆
with probability one, and E[K (Z (θ))] <∞.

Under the above conditions, the estimators presented in Section 2.2.1 are
unbiased. The precise statement is given in the following theorem.

Theorem 2.1. Suppose condition (A1) holds. If, in addition,

(i) condition (A2 MVD) is satisfied, then for any m

d

dθ
Eθ

[
Zdαme:m

]= Eθ[DMVD
l (m)

]
, l = 1,2,

(ii) condition (A2 SF) is satisfied, then for any m

d

dθ
Eθ

[
Zdαme:m

]= Eθ[DSF
l (m)

]
, l = 1,2,
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2.3. THE ORDER STATISTIC PROBLEM

(iii) condition (A2 IPA) is satisfied, then for any m

d

dθ
E
[

Zdαme:m(θ)
]= E[D IPA(m)

]
.

Proof: Part (i). Let ‖ f ‖v = supx | f (x)|/v(x). Then D = Bv ,Cv , equipped with
‖ · ‖v , is a Banach space. Since ordα,m(z1, . . . , z j−1, ·, z j+1, . . . , zm) is a measurable
and continuous mapping in each of its components, Assumption (A2 MVD) to-
gether with the product rule of D-differentiation, see Theorem 6.1 [52], implies

d

dθ
Eθ

[
Zdαme:m

]= cθ
m∑

j=1

(
Eθ

[
ordα,m

(
Z1, . . . , Z j−1, Z+

j , Z j+1, . . . , Zm

)]
− Eθ

[
ordα,m

(
Z1, . . . , Z j−1, Z−

j , Z j+1, . . . , Zm

)])
.

Observing that ordα,m is invariant with respect to permutations of the argu-
ments, implies

d

dθ
E
[

Zdαme:m
]= mcθ

(
Eθ

[
ordα,m

(
Z1, . . . , Zm−1, Z+

m

)]
− Eθ

[
ordα,m

(
Z1, . . . , Zm−1, Z−

m

)])
,

which concludes the proof (i).

Part (ii). The form of the score function estimator follows from simple rules of
analysis applied to the product of densities. It remains to show that the esti-
mator is unbiased; i.e., that interchanging integration and differentiation is jus-
tified. For this to see, note that for (z1, . . . , zm) ∈ Rm the Mean-Value Theorem
implies

∫
Rm

1

|∆|ordα,m(z1, . . . , zm)

∣∣∣∣∣ m∏
j=1

fθ+∆(zi )−
m∏

j=1
fθ(zi )

∣∣∣∣∣ dz1 . . .dzm

≤
∫
Rm

(
m∑

k=1
|zk |

)
m∑

j=1

j−1∏
i=1

fθ(zi )

(
sup
θ∈Θ

∣∣∣∣ ∂∂θ fθ(z j )

∣∣∣∣) m∏
i= j+1

fθ(zi ) dz1 . . .dzm

≤ m(m −1)E[|Z |]
∫
R

sup
θ∈Θ

∣∣∣∣ ∂∂θ fθ(z)

∣∣∣∣ dz + m
∫
R

(1+|z|)sup
θ∈Θ

∣∣∣∣ ∂∂θ fθ(z)

∣∣∣∣ dz,

which is finite by (A2 SF). Hence, the first statement in (ii) follows by dominated
convergence. The proof of the second part of (ii) follows the same line as the
proof of the second part of (i) and is therefore omitted.
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Part (iii). Let k(θ) denote the index such that

Zk(θ)(θ) = Zdαme:m(θ).

Let Z j (θ) = F−1
θ

(U j ), with U = (U j : 1 ≤ j ≤ m) an i.i.d. sequence of uniform-
(0,1)-distributed random variables. The fact that Fθ(x) is monotone non-decreas-
ing as a mapping of x, implies that F−1

θ
(u) is monotone non-decreasing as a

mapping of u, which implies that k(θ) = j is constant as a mapping of θ for
given sequence U. This, together with (A2 IPA), implies that Zdαme:m(θ) is al-
most surely differentiable.

Lipschitz continuity of Z j (θ) implies that

ordα,m(Z1(θ+∆), . . . , Zm(θ+∆))−ordα,m(Z1(θ), . . . , Zm(θ))|

≤
m∑

k=1
|Zk (θ+∆)−Zk (θ)|.

By (A2 IPA) it holds that

E

[
m∑

k=1
|Zk (θ+∆)−Zk (θ)|

]
≤ mE[K (Z (θ))]∆ < ∞,

and the proof follows from the dominated convergence theorem. �

Remark 2.1. The symmetric estimators apply differentiation only to Zm(θ). The
random variables Z1(θ) to Zm−1(θ) are unaffected by the differentiation opera-
tion. More precisely, suppose that the derivative is evaluated at θ0, then

Eθ
[
DMVD

2 (m)
]= d

dθ

∣∣∣∣
θ=θ0

E
[
m ordα,m(Z1(θ0), . . . , Zm−1(θ0), Z (θ))

]
= cθ E

[
m

(
ordα,m

(
Z1(θ0), . . . , Zm−1(θ0), Z+

m(θ)
)

−ordα,m
(
Z1(θ0), . . . , Zm−1(θ0), Z−

m(θ)
))]

.

In the same vein, the symmetric SF estimator reads

Eθ
[
DSF

2 (m)
]= d

dθ

∣∣∣∣
θ=θ0

E
[
m ordα,m(Z1(θ0), . . . , Zm−1(θ0), Zm(θ))

]
= E[m ordα,m(Z1(θ0), . . . , Zm−1(θ0), Zm(θ))SFθ(Zm(θ))

]
.

2.3.2 Numerical Examples

In this section we compare the estimators for the OS problem for two examples.
For each derivative estimator we compute the mean, root mean square (RMS)
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2.3. THE ORDER STATISTIC PROBLEM

error, standard deviation, and the work-normalized variance. The RMS error
statistic is the l 2 measure of the distance between the sensitivity estimate and
the actual value. This is similar to the standard deviation which is a measure
for the distance between the sensitivity estimate and its mean value. The WNV
is computed as the product of the mean computation time and the standard
deviation [43]. In addition, we will also consider the coverage probability, which
is determined as the proportion of experiments for which the actual value lies
within the 95% confidence interval attained form the derivative estimator.

2.3.2.1 Quality Control of Steel Production

In the production of steel, one of the impurities that arises during the manufac-
turing process is sulfur. Sulfur is present in coal that extracts iron from iron ore.
The problem with sulfur is that it weakens steel, amongst other things rendering
the steel more brittle. The sulfur can be easily removed during manufacturing,
and so the amount of sulfur remaining in steel, above a certain percentage, be-
comes a manufacturing issue.

Suppose a steel producer has a contract to sell m metric tons of steel rods
to a construction firm for concrete reinforcing. This contract specifies that at
least α percent of the steel bars has a sulfur content less than 0.04%. For testing
the amount of sulfur in the steel bars, one allotment will be considered to be
one metric ton, and Z = (Zi ,1 ≤ i ≤ m) is the amount of sulfur (in %) within
each allotment. Put differently, the production is considered to be of satisfactory
quality if E[Zdαme:m] ≤ 0.04. In order to achieve this goal the company may adjust
the production process (which in itself is complex) via some control parameter,
say, θ. Thus,

d

dθ
E
[

Zdαme:m
]

denotes the sensitivity of the overall batch quality with respect to θ.
Suppose that Zi = a +Yi (σ), where a ∈ R is constant and Yi (σ) is a standard

normal random variable with mean zero and standard deviation σ > 0. In the
following, we let θ =σ and analyze

d

dσ
Eσ

[
Zdαme:m

]= d

dσ
E
[
Ydαme:m(σ)

]
,

which gives insight into the impact of the variability of the amount of sulfur
within the steel making process on the quality of the steel delivered to the con-
struction firm. For our sensitivity analysis we will call upon Section 1.2.4.2.

In the example, we will assume that we are delivering m metric tons of steel.
The sample size and the number of estimates evaluated is (m,k) = (10,10). We
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choose the mean level of sulfur content (in percent) a = 0.025 and σ = 0.004.
With the supposed maximal acceptable percentage of content of sulfur within
the steel of 0.04%, we consider the probability levels α = 0.50, and 0.95. The
numerical results are presented in Table 2.1. The simulated data are configured
in a m ×k array, where m is the number of samples in each estimate of the or-
der statistic derivative, and k is the number of such estimates within the sample
average. The RMS error, standard deviation (Std. Dev.), work-normalized vari-
ance (WNV), and the coverage probability (Cov. Prob.) are determined over 500
estimates.

m = 10, k = 10, α= 0.50. Actual Value =−0.1227
IPA SF1 SF2 MVD1 MVD2

Mean -0.1211 0.1372 0.3966 -0.1343 -0.1147
RMS Error 0.9952 7.194×101 2.094×102 2.8222 6.3466
Std. Dev. 0.1222 8.8299 2.571×101 0.3464 0.7793
WNV 2.562×10−7 3.054×10−3 4.910×10−2 6.532×10−5 1.512×10−4

Cov. Prob. 0.9240 0.9200 0.8600 0.9220 0.9480

m = 10, k = 10, α= 0.95. Actual Value = 1.5388
IPA SF1 SF2 MVD1 MVD2

Mean 1.5359 1.8514 2.6662 1.5454 1.5328
RMS Error 0.1224 7.6047 2.335×101 0.4553 0.9950
Std. Dev. 0.1884 1.171×101 3.594×101 0.7014 1.5325
WNV 3.828×10−7 4.992×10−3 9.241×10−2 2.038×10−4 5.817×10−4

Cov. Prob. 0.9180 0.9060 0.8280 0.9080 0.8280

Table 2.1: The summary statistics for the five derivative estimators in compar-
ison with the actual value for the Quality Control of Steel Production example.
The upper part shows results for α= 0.50 and the lower part for α= 0.95.

Figure 2.1 provides the RMS errors for increasing values of k, where the num-
ber of samples for each estimate is m = 20. In Figure 2.1, the plot confirms a
decrease of the RMS error of order k−1/2. This was conducted by least squares
regression of the logarithm of the data. For the Score Function method the val-
ues for the RMS error are much larger than for IPA and MVD, which is the reason
why we omitted the SF estimators in this figure.

2.3.2.2 Performance of a Basket of Stocks

After a pre-screening process, a trader has a basket of m stocks for which she/he
wants to undertake an automated stock trading strategy. It is believed, due to
a lack of further information, that the stocks’ behaviour is statistically indistin-
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Example: Quality Control of Steel Production. RMS Error.
Mean RMS Error over 500 Sensitivity Estimates for each approach.

No. Samples per Estimate = 20. Probability Level α = 0.50, 0.95.
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Figure 2.1: The RMS error for IPA and both MVD order statistic derivative es-
timates in terms of the number of estimates k for the Quality Control of Steel
Production example.

guishable. For instance, the stocks may belong to a particular sector such as
energy or technology or have a market capitalization within a particular range,
e.g., US 1-4 billion. During the trading strategy, the trader monitors the perfor-
mance of each of the stocks in the basket and is interested in the top (1-α) %
returns at some future time t , i.e., the trader is interested to know

E
[

Zdαme:m(t )
]

,

where the order statistic is attained from the basket (Zi (t ) : 1 ≤ i ≤ m).
Assume that the return of the individual stocks Zi (τ) = Si (τ)/Si (0), 0 ≤ τ≤ t ,

where Si (τ) is the price of the stock at time τ, follow a Black-Scholes-Merton
(BSM) model [81]. The BSM model for Zi (τ) is composed of one stock having
value Zi (τ) at time τ ≥ 0 that pays no dividends and a bond which can alterna-
tively be invested in having value erτ at time τ ≥ 0, where r ≥ 0. The interest
rate is risk free due to default and, for at least short time periods, constant. The
evolution of the return of each stock under the BSM model has the form

Zi(τ) = exp

((
β+η− σ2

2

)
τ+σWi(τ)

)
.

The term β is the historical average market return within the company sector or
capitalization range, and η is the additional historical mean out-performance,
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above the average market return, observed within the screened stocks. The com-
mon implied volatility of each stock is given by σ and Wi (τ), for 1 ≤ i ≤ m, is a
Wiener process.

The trader is interested in the influence of the time θ = t of the top (1−α) %
of the returns for the chosen basket of stocks; i.e,

d

d t
E
[

Zdαme:m(t )
]

.

Note that the sample path of a Wiener process is continuous but almost nowhere
differentiable, which implies that Zi (t ) fails to be differentiable w.r.t. t in the
pathwise sense, and thus no IPA estimator exists for the desired sensitivity; i.e.,
condition (A2 IPA) does not hold.

The marginal distribution of the Wiener process at time t is given by a nor-
mal random variable with mean zero and standard deviation

p
t , this implies

that Zi (t ) follows a normal distribution with mean

a(t ) =
(
β+η− σ2

2

)
t (2.6)

and standard deviation

b(t ) =σpt . (2.7)

Following (1.37), we attain

∂

∂t
fa(t ),b(t )(x) = a(t )

t

∂

∂µ
fa(t ),b(t )(x)+ b(t )

2t

∂

∂σ
fa(t ),b(t )(x),

for x ∈ R. From Section 1.2.4.2, the above analytical expression can be repre-
sented through random variables in the following way:

(c1 + c2)
((

p1r+
a(t ),b(t )(x)+p2ma(t ),b(t )(x)

)
−

(
p1r−

a(t ),b(t )(x)+p2 fa(t ),b(t )(x)
))

,

where

c1 = a(t )p
2πtb(t )

, c2 = 1

2t

and

p1 = c1

c1 + c2
and p2 = c2

c1 + c2
.

A sample of Z+
i (t ) can be attained from sampling with probability p1 a shifted

Rayleigh random variable and with probability p2 a double-Maxwell random
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variable. In the same vein, a sample of Z−
i (t ) can be attained from sampling

with probability p1 a shifted Rayleigh random variable and with probability p2

a standard normal random variable, for details on how to sample the random
variables we refer to Section 1.2.4.2.

Following from the same line of argument, the score function is given by

SFt (x) = a(t )

t

∂
∂µ fa(t ),b(t )(x)

fa(t ),b(t )(x)
+ b(t )

2t

∂
∂σ fa(t ),b(t )(x)

fa(t ),b(t )(x)

= a(t )

t

(x −a(t ))

b2(t )
+ 1

2t

(
(x −a(t ))2

b2(t )
−1

)
, x ∈R.

Remark 2.2. While IPA cannot be applied to this problem in a straightforward
way, IPA can be applied to the distributional representation of the Wiener process.
Indeed, interpreting Zi (t ) as normally distributed with mean a(t ) given in (2.6)
and standard deviation as in (2.7), IPA can be readily applied to compute ∂t Zi (t ).
It is, however, worth noting that with this change of the model (Zi (t ) : t ≥ 0) does
not represent the path of the stock price any more, as only the marginal distribu-
tions are correct. In the following we will denote IPA for the distributional model
by IPA∗.

In the trading strategy we have a total of n = 400 securities. The mean histor-
ical annual return for all possible stocks in the above economies is set toβ= 0.03,
and the selected stocks have an additional mean out-performance of η = 0.04.
The implied volatility σ = 0.15 is per annum for each stock, and we consider a
trading period of one week t = 1/52 = 0.0192. These securities are divided into k
allotments of m, specifically choosing m and k to equal (m,k) = (40,10), (10,40).
The rank of our interest is chosen such that α= 0.50,0.90.

For IPA we present the results for IPA∗, i.e., IPA applied to the distributional
model as the direct sample path approach fails, see Remark 2.2. The numerical
values are presented in Table 2.2. The statistics RMS Error, Std. Dev., WNV, and
Cov. Prob. are all determined over 500 estimates.

In Figure 2.2 the coverage probabilities of the 95% confidence interval are
presented. The number of samples for each estimate of Z is fixed to m = 40 and
the number of independent replications k is varied.

The main challenge for IPA is that Lipschitz continuity often fails to hold or
is hard to check. When condition (A2 IPA) fails, typically the offending random
variables are conditioned to smooth out the discontinuities. This approach is
called Smoothed Perturbation Analysis (SPA), and for details for this method we
refer to [31]. A concern for the SPA estimator is that the conditional estimator
becomes, in general, more complex than the IPA estimator, and this complexity
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m = 40, k = 10, α= 0.50. Actual Value = 4.235×10−1

IPA∗ SF1 SF2 MVD1 MVD2

Mean 4.307×10−2 0.6645 −4.922×102 4.588×10−2 3.148×10−2

RMS Error 0.7965 1.715×103 1.070×104 3.7610 9.7318
Std. Dev. 3.376×10−2 7.269×101 4.510×102 0.1594 0.4124
WNV 2.384×10−8 0.4694 1.651×101 3.408×10−5 5.334×10−5

Cov. Prob. 0.9060 0.9200 0.8240 0.9260 0.9480

m = 40, k = 10, α= 0.95. Actual Value = 0.7291
IPA∗ SF1 SF2 MVD1 MVD2

Mean 0.7286 1.3731 -3.3516 0.7410 0.6585
RMS Error 6.597×10−2 1.023×102 6.378×102 0.4247 1.0565
Std. Dev. 4.815×10−2 7.466×101 4.655×102 0.3098 0.7678
WNV 3.000×10−8 0.4861 1.697×101 1.281×10−4 1.822×10−4

Cov. Prob. 0.9040 0.9200 0.8220 0.9020 0.8340

m = 10, k = 40, α= 0.50. Actual Value =−5.885×10−2

IPA∗ SF1 SF2 MVD1 MVD2

Mean −5.062×10−2 0.1328 -0.5240 −1.030×10−2 −6.380×10−2

RMS Error 5.7327 3.080×103 9.492×103 1.580×101 3.745×102

Std. Dev. 3.376×10−2 1.814×101 5.592×101 9.298×10−2 0.2129
WNV 4.175×10−8 4.978×10−2 4.588×10−1 1.942×10−5 2.890×10−5

Cov. Prob. 0.9440 0.9460 0.9220 0.9380 0.9340

m = 10, k = 40, α= 0.95. Actual Value = 0.6161
IPA∗ SF1 SF2 MVD1 MVD2

Mean 0.6176 0.7773 -0.4683 0.6143 0.5383
RMS Error 7.283×10−2 3.021×102 9.644×102 0.2459 0.4983
Std. Dev. 4.489×10−2 1.863×101 5.947×101 0.1517 0.2973
WNV 5.101×10−8 5.118×10−2 0.5073 5.149×10−5 5.593×10−5

Cov. Prob. 0.9180 0.9440 0.9180 0.9360 0.8980

Table 2.2: The summary statistics for the five derivative estimators in compari-
son with the actual value for the Performance Control of a Basket of Stocks ex-
ample.
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Example: Performance of a Basket of Stocks. Coverage Probability.
Probability that the Actual Value is within the 95% CI of a Sensitivity Estimate.

No. Observations = 500. Sample Size of each Estimate = 40. Probability Level α = 0.50, 0.95.
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Figure 2.2: The coverage probability when the number of estimates, k, increases
in the Performance of a Basket of Stocks example.

may even render the technique impractical. An example of this difficulty is the
portfolio credit risk model presented in [32]. In the following we compare the
SPA estimator in [32] with both MVD estimators. The example and the numer-
ical settings are as in [32], and for a motivation and detailed discussion of this
model we refer to [5]. Let

Z =
r∑

i=1
li 1{Xi < xi }

denote the loss of a portfolio with r obligors, where Xi denotes the default of
obligor i and xi is a threshold indicating when obligor i defaults which will cause
a loss of li . For the numerical example, we assume that r = 2 and that the li are
independent uniformly distributed on [0,1]. We let

Xi(θ) = ρV +
√

1−ρ2ηi

W(θ)
, 1 ≤ i ≤ r,

with ηi normally distributed with mean 0 and variance 1 modelling the obligor’s
idiosyncratic risk, V a standard normally distributed random variable modelling
the common factor that affects all obligors, and W (θ) an exponentially distributed
random variable with rate θ = 1/0.3 modelling the shocks that are common to
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all obligors. In this example the weight factor ρ is set to 0.6. Consequently, the
loss of a portfolio is represented by

Z (θ) =
2∑

i=1
li 1

{
ρV +

√
1−ρ2ηi < xi W(θ)

}
.

For the experiments we choose α= 0.95 and analyze the sensitivity of the value
at risk at this level.

Let v(x) = 1, then W is differentiable w.r.t. the space of Borel bounded func-
tions B=:Bv , according to Section 1.2.4.1. Since

Eθ[Z |W = x] = Eθ
[

2∑
i=1

li 1

{
ρV +

√
1−ρ2ηi < xiW

}∣∣∣∣∣W = x

]

as a mapping in x is an element of B, applying Lemma 2.1 with D = D̂1 = B,
elaborating on the presentation of the weak derivative of the exponential distri-
bution as put forward in Section 1.2.4.1, it follows that Z isB-differentiable. The
B-derivative is given by Z+ = Z ,

Z− =
2∑

i=1
li 1

{
ρV +

√
1−ρ2ηi < xi (W +Y )

}
,

and cθ = 1/θ, with Y an exponentially distributed random variable with rate θ,
independent of everything else.

For the numerical experiments we have chosen n = 104,106, and that the ar-
ray parameters to be equal; i.e., m = k = 100 for n = 104, and m = k = 1000 for n =
106. The results are presented in Table 2.3. We observe that both MVD derivative
estimators perform worse than the SPA estimator, with the symmetric estimator
(MVD2) having worse RMS error and standard deviation than the standard esti-
mator (MVD1). Most evident in the table are the rates of convergence of O(n−1/2)
for the sample path estimator and O(n−1/4) for the MVD derivative estimators.
Between the two MVD derivative approaches, the work-normalized variance is
more favourable for the standard estimator.

It is worth noting that the SPA estimator is based on a meticulous sample
path analysis, whereas the MVD estimators are attained in a straightforward way.
As the results put forward in Table 2.3 illustrate, this flexibility and ease of im-
plementation of the MVD estimators comes at the price of higher computational
costs. Note that the MVD estimator is not affected if in place of Z we consider
f (Z ), where f is, for example, a (discontinuous) utility function, whereas the
SPA estimator would have to be computed anew in this case.
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Derivative w.r.t. θ. Summary Statistics.
α= 0.95 n = 104. Actual Value = 6.28×10−2 n = 106. Actual Value = 6.28×10−2

m = k
SPA MVD1 MVD2 SPA MVD1 MVD2

Mean 6.29×10−2 5.72×10−2 5.92×10−2 6.28×10−2 6.32×10−2 6.48×10−2

RMS Error 1.9×10−3 1.41×10−1 7.49×10−1 1.9×10−4 3.27×10−2 2.81×10−1

Std. Dev. 1.9×10−3 6.81×10−3 4.69×10−2 1.9×10−4 2.02×10−3 1.76×10−2

Table 2.3: Results for both the standard (MVD1) and symmetric (MVD2) MVD
derivative estimates for the sensitivity of the α = 0.95 quantile of the portfolio
loss due to credit risk w.r.t. the common shock parameter θ. The SPA results are
cited from [32].

2.4 The Quantile Problem

In this section we present our results for the QP. The technical analysis in pro-
vided in Section 2.4.1. Then, in Section 2.4.2, we will present numerical exam-
ples.

2.4.1 Technical Analysis

Let Z( j ) = (Zi ( j ) : 1 ≤ i ≤ m), for 1 ≤ j ≤ k, be a sequence of i.i.d. samples that has
the same distribution as Z = (Zi : 1 ≤ i ≤ m). Furthermore, let (Z+

i ( j ), Z−
i ( j )), for

1 ≤ j ≤ k and 1 ≤ i ≤ m, be an i.i.d. sequence of samples that has the same distri-
bution as (Z+

i , Z−
i ): see (A2 MVD). For l = 1,2, we denote the value of DMVD

l (m)
evaluated from sample Z( j ) by DMVD

l , j , and we denote the average over k samples
by

DMVD
l (m,k) = 1

k

k∑
j=1

DMVD
l , j (m). l = 1,2.

For example, by (2.5), DMVD
1 (m,k) reads explicitly

DMVD
1 (m,k) = cθ

k

k∑
j=1

m∑
i=1

(
ordα,m(Z1( j ), . . . , Zi−1( j ), Z+

i ( j ), Zi+1( j ), . . . , Zm( j ))

− ordα,m(Z1( j ), . . . , Zi−1( j ), Z−
i ( j ), Zi+1( j ), . . . , Zm( j ))

)
.

In the same vein we define

DSF
l (m,k) = 1

k

k∑
j=1

DSF
l , j (m), l = 1,2,
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and

D IPA(m,k) = 1

k

k∑
j=1

D IPA
j (m),

where

D IPA
j (m) = ∂

∂θ
Zk( j )( j ),

and k( j ) is the realization of the index (dαme : m) for the j th sample of Z.
We write qα(θ) to express the dependence of the quantile on θ. Since Z is a

continuous random variable, F−1
θ

is differentiable w.r.t. its argument y , and if Fθ
is differentiable w.r.t. θ, F−1

θ
(y) is as well. By definition, see (1.2.4.1),

α= Fθ(qα(θ)),

and we attain an expression for the quantile sensitivity by implicit differentia-
tion: Section 1.3.1 has the details. The final expression is provided in Equation
(1.39) and is again provided:

∂

∂θ
qα(θ) =−

∂
∂θFθ(qα(θ))

fθ(qα(θ))
. (2.8)

The assumptions required for all of the proofs are given below. These mostly
focus on the properties of Fθ and fθ and all of these assumptions are easily veri-
fiable or assessable.

(A3) The random variable Z is square integrable.

(A4) In a neighbourhood of qα(θ) it holds that fθ(x) > 0.

(A5) Let Θ0⊂Θ be an open neighbourhood of θ0, where θ0 denotes the value
of θ for which the derivative is evaluated, and let B(α) be an open neigh-
bourhood of x = qα(θ0). Assume that fθ is continuously differentiable on
Θ0 for all x ∈ B(α).

(A6) fθ is differentiable w.r.t. x with bounded derivative in the neighbourhood
of x = qα(θ).

The first result establishes strong consistency of the estimators presented in
Section 2.2.1. The proof requires two ancillary results, Lemmas A.1, and A.2.
Lemma A.1 is an almost sure upper bound, given for sufficiently large m, for the
distance between a quantile and an order statistic. This allows to justify that the
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order statistics we have is within a neighbourhood of the quantile. Lemma A.2 is
to derive, given our assumptions, that the spacing terms presented in the proofs
are uniformly integrable. The SF and MVD derivations employ Taylor series in
terms of a spacing function.

Theorem 2.2 (Strong Consistency). Suppose that Assumptions (A1) and (A3) to
(A6) are satisfied. Then,

(i) under Assumption (A2 MVD), for l = 1,2, it holds almost surely that

lim
(m,k)→(∞,∞)

DMVD
l (m,k) = ∂

∂θ
qα(θ).

(ii) under Assumption (A2 SF) it holds almost surely that

lim
(m,k)→(∞,∞)

DSF
l (m,k) = ∂

∂θ
qα(θ),

(iii) under Assumption (A2 IPA) it holds almost surely that

lim
(m,k)→(∞,∞)

D IPA(m,k) = ∂

∂θ
qα(θ).

Proof: We begin by considering the recursive nature of order statistic Zdαme:m

when an additional random variable, Zm , is included to the sample of the order
statistic formed by Z\Zm = (Z1, . . . , Zm−1). For this discussion and for the proof
in general, we require the following two specific order statistics based on m −1
elements:

Y1 := Zdαme−1:m−1 = ordα1,m(Z1, Z2, . . . , Zm−1),

with α1 such that dαme−1 = dα1(m −1)e, and

Y2 := Zdαme:m−1 = ordα2,m(Z1, Z2, . . . , Zm−1),

where α2 is defined from dαme = dα2(m −1)e. The rationale behind the above
definition is that adding the random variable Zm to the ordered collection of
size m−1, three outcomes are possible: the order statistic Zdαme:m is equal to Y1,
Y2, or Zm itself. If Zm ≤ Y1, there are now dαme random variables with a value
less than or equal to Y1, and so the order statistic Zdαme:m = Y1 with probability
one. If Zm > Y2, the random variable Zm is greater in value to at least dαme
random variables in the ordered collection of m, which implies that Y2 = Zdαme:m

is the value of the order statistic. When Y1 < Zm ≤ Y2, the random variable Zm
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is now the dαmeth smallest value within the collection, and so with probability
one, Zdαme:m = Zm . Hence, we attain

Zdαme:m |Z\Zm =


Random Variable Event

Y1 {ω : Zm ≤ Y1}

Zm {ω : Y1 < Zm ≤ Y2}

Y2 {ω : Zm > Y2}.

(2.9)

We now turn to the analysis of the derivative estimators, and begin with Part
(iii), the IPA derivative estimator. For this method, we write Zm(θ) to express the
fact that Zm is a function of θ. Let k(θ) denote the index such that

Zk(θ)(θ) = Zdαme:m(θ).

Let Z j (θ) = F−1
θ

(U j ) for (U j : 1 ≤ j ≤ m) be an i.i.d. sequence of uniform-(0,1)-
distributed random variables. The fact that Fθ(x) is monotone non-decreasing
as a mapping of x, implies that F−1

θ
(u) is monotone non-decreasing as a map-

ping of u, which implies that k(θ) = j if and only if U j =Udαme:m almost surely.
Hence, for a given realization of (U j : 1 ≤ j ≤ m), the index k(θ) does not depend
on θ, and P( j = k(θ)) = 1/m. By computation,

E[Zdαme:m(θ)] = E[Zk(θ)(θ)
]

=
m∑

j=1
E
[

Z j(θ)1{ j = k(θ)}
]

=
m∑

j=1
E
[

Z j(θ)
∣∣ j = k(θ)

]
P( j = k(θ))

=
m∑

j=1
E
[

Z j(θ)
∣∣ j = k(θ)

] · 1

m

= E[Zm(θ)|m = k(θ)]

= E[Zm(θ) |Zm(θ) ∈ (Y1,Y2]] , (2.10)

where for the last but one equality we have used the fact that (Zi (θ),1 ≤ i ≤ m) is
an i.i.d. sequence.

Since differentiation does not affect the rank of the order statistic,

d

dθ
E[Zm(θ) |Zm(θ) ∈ (Y1,Y2]] = E

[
∂

∂θ
Zm(θ)

∣∣∣∣ Zm(θ) ∈ (Y1,Y2]

]
. (2.11)

Suri and Zazanis, [100], established an alternative representation for the param-
eter derivative of a random variable via the distribution function Fθ. Specifically,
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writing Zm(θ) = F−1
θ

(U ) via its inverse distribution and implicitly differentiating
this function w.r.t. θ yields

∂

∂θ
Zm(θ) =−

∂
∂θFθ(Zm(θ))

fθ(Zm(θ))
. (2.12)

By Assumptions (A4) and (A5), for m sufficiently large, the RHS of Equation
(2.12) is bounded above and continuous at Zm(θ) as Zm(θ) ∈ (Y1,Y2], and by
Lemma A.1, both order statistics are in the neighbourhood of the quantile. Not-
ing that Zl :m(θ) are almost surely continuous throughout Θ for l = 1, . . . ,m, ap-
plying the Mean-Value Theorem establishes (2.11), and we arrive that the fol-
lowing representation for the IPA estimator

E
[
D IPA(m)

]= E[− ∂
∂θFθ(Zm(θ))

fθ(Zm(θ))

∣∣∣∣∣ Zm(θ) ∈ (Y1,Y2]

]
.

We are nearing the representation of the quantile sensitivity in Equation
(2.8), and together with (A2 IPA), to apply the Strong Law of Large Numbers.
Since g := (∂θFθ)/ fθ is continuous and bounded on a neighbourhood given in
Lemma A.1, following [66], pp. 280-281, the function g can be written as a dif-
ference of two increasing, continuous functions, g1, g2, and g = g1−g2. Since for
every m it holds almost surely that Y1 < Zm(θ) ≤ Y2, it follows from [96], Property
B, p. 183, that

E
[
D IPA(m)

] ≤ E
[−(

g1(Y1) − g2(Y2)
)]

.

For the lower bound, the order statistics Y1 and Y2 are swapped. From [4, 34],
Y1,Y2

a.s.→ qα(θ), which, by the Continuous Mapping Theorem [101], implies that
g1(Yl ) a.s.→ g1(qα(θ)), and g2(Yl ) a.s.→ g2(qα(θ)). Then by Slutsky’s Theorem, [45],

g1(Y1)− g2(Y2) a.s.→ g (qα(θ)) = − ∂

∂θ
qα(θ)

and

g1(Y2)− g2(Y1) a.s.→ g (qα(θ)) = − ∂

∂θ
qα(θ).

Since g is bounded from above, it follows from the Dominated Convergence
Theorem that

lim
m→∞E

[
D IPA(m)

]= ∂

∂θ
qα(θ).

59



CHAPTER 2. AN INVESTIGATION INTO THE DERIVATIVE ESTIMATION OF
RANKED-DATA
STATISTICS

From this position, we apply the Strong Law of Large Numbers, proving the
claim for the IPA estimator.

Since SF and MVD are distributional approaches, the θ-dependence is ex-
pressed via the distribution function. From Theorem 2.1 it follows that the stan-
dard and symmetric estimators are equal in expectation, and in the following we
will focus on the symmetric estimators for each approach.

We first turn to the SF estimator, Part (ii). For the proof we work with the
expected value of Zdαme:m conditioned on the sample Z\Zm . As Zm ∼ Fθ, from
(2.9) the recursive form of Zdαme:m conditioned on Z\Zm is given by

Eθ
[

Zdαme:m
∣∣Z\Zm

]=


Random Variable Probability

Y1 Fθ(Y1)

Eθ[Zm |Z\Zm] Fθ(Y2)−Fθ(Y1)

Y2 1−Fθ(Y2),

from which it follows that

Eθ
[

Zdαme:m
∣∣Z\Zm

]= Y1Fθ(Y1) + Y2 (1−Fθ(Y2))

+Eθ[Zm 1{Zm ∈ (Y1,Y2]} |Z\Zm] . (2.13)

Via integration by parts, the third term in Equation (2.13) has the more conve-
nient form

Eθ[Zm 1{Zm ∈ (Y1,Y2]} |Z\Zm] =
∫ Y2

Y1

z fθ(z)dz

= Y2Fθ(Y2) − Y1Fθ(Y1) −
∫ Y2

Y1

Fθ(z)dz.

This simplifies Equation (2.13) to

Eθ
[

Zdαme:m
∣∣Z\Zm

]= Y2 −
∫ Y2

Y1

Fθ(z)dz. (2.14)

The order statistic Y2 has w.r.t. θ a sample path derivative of zero, which
stems from the fact that only the distribution depends on θ and not the realiza-
tions. The interchange of derivative and integral operators in the above equa-
tion is justified by Theorem 2.1. Let p denote an arbitrary Lebesgue density that
dominates fθ, i.e., the support of p includes the support of fθ for θ ∈Θ, then

d

dθ
Eθ

[
mZdαme:m

∣∣Z\Zm
]=−

∫ Y2

Y1

m
∂

∂θ
Fθ(z)dz (2.15)

=−
∫ Y2

Y1

mEp

[
1{Zm ≤ z}

∂
∂θ fθ(Zm)

p(Zm)

]
dz.
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We expand Equation (2.15) as a two term Taylor series around z = Y1, where
we use the Lagrangian remainder. On the open ball B2rm (qα(θ)), with center
y = qα(θ) and radius rm , defined in Lemma A.2, it holds

d

dθ
Eθ

[
mZdαme:m

∣∣Z\Zm
]

≥−m
∂

∂θ
Fθ(Y1)(Y2 −Y1) − 1

2
m

(
sup

y∈B2rm (qα(θ))

∣∣∣∣ ∂2

∂x∂θ
Fθ(y)

∣∣∣∣
)

(Y2 −Y1)2. (2.16)

For the upper bound, the infimum replaces the supremum. All the following
limiting results are as m →∞. We begin with Bahadur’s result [4], [34] in which
Y1

a.s.→ qα(θ) and, together with the Continuous Mapping Theorem [101], ∂θFθ(Y1)
a.s.→ ∂θFθ(qα(θ)). For i.i.d. random variables, the limiting result from Pyke implies
m(Y2 −Y1) d→ E/ fθ(qα(θ)), where E is an exponential random variable with rate
one. With the map a(x) = x2, by the Continuous Mapping Theorem, together
with Property H, p. 185 from [96], m(Y2−Y1)2 a.s.→ 0. As a consequence, the mixed
derivative of Fθ is bounded above by (A5), and we attain uniformly integrability
of the expansion in (2.16). Combining all these results with Slutsky’s Theorem
[45] leads to the following limit

d

dθ
Eθ

[
mZdαme:m

∣∣Z\Zm
]

d→ −
∂
∂θFθ(qα(θ))

fθ(qα(θ))
E , (2.17)

and from the definition of the quantile sensitivity in Equation (2.8)

d

dθ
Eθ

[
mZdαme:m

∣∣Z\Zm
]

d→
∂

∂θ
qα(θ)E .

By (A2 SF), Fθ is also weakly differentiable, and we attain∣∣∣∣ ∂∂θFθ(Y1)

∣∣∣∣= cθ
∣∣F+
θ (Y1)−F−

θ (Y1)
∣∣ ≤ cθ < ∞,

and it follows from Lemma A.2 that the upper and lower bounds in (2.16) are
uniformly integrable. In addition, as m → ∞, the expected values of both se-
quences converge to ∂θqα(θ). Hence, we attain

lim
m→∞E

[
∂

∂θ
Eθ

[
mZdαme:m

∣∣Z\Zm
]]= ∂

∂θ
qα(θ),

using (2.15) together with the fact that cθ is bounded on a closed neighbourhood
of θ, with θ as an interior point, we apply the IPA part of Theorem 2.1, which
yields for any m that

d

dθ
E
[
Eθ

[
mZdαme:m

∣∣Z\Zm
]]= E[ ∂

∂θ
Eθ

[
mZdαme:m

∣∣Z\Zm
]]

.
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In the above formula, differentiation is only applied to Zm(θ). More specifically,
if the derivative is evaluated at θ0, then the above equation is short hand nota-
tion for

d

dθ

∣∣∣∣
θ=θ0

E
[
E
[
m ordα,m(Z1(θ0), . . . , Zm−1(θ0), Zm(θ))

∣∣ Z1(θ0), . . . , Zm−1(θ0)
]]

= E
[
∂

∂θ

∣∣∣
θ=θ0

E
[
m ordα,m(Z1(θ0), . . . , Zm−1(θ0), Zm(θ))

∣∣ Z1(θ0), . . . , Zm−1(θ0)
]]

.

By Theorem 2.1, the LHS of the above equation is equal to E[DSF
2 (m)], see Re-

mark 2.1. To summarize, we have shown that

lim
m→∞Eθ

[
DSF

2 (m)
]= ∂

∂θ
qα(θ).

The proof of the claim now follows from the Strong Law of Large Numbers.

Part (i). For the Strong Consistency result via MVD, this derivation is similar
to the SF version. This derivation will provide an integral similar to Equation
(2.15). From that position, the proof method is identical. We define the order
statistics Z+

dαme:m , Z−
dαme:m , analogously to Zdαme:m but the random variable Zm

in both cases is replaced in turn by the measure-valued derivative random vari-
ables Z+

m , and Z−
m ; namely,

Z+
dαme:m = ordα,m

(
Z1, . . . , Zm−1, Z+

m

)
,

Z−
dαme:m = ordα,m

(
Z1, . . . , Zm−1, Z−

m

)
.

First note that by (2.15) and the arguments put forward in the analysis of the SF
method, we arrive at

Eθ

[
Z+
dαme:m

∣∣∣Z\Zm

]
=


Random Variable Probability

Y1 F+
θ

(Y1)

Eθ
[

Z+
m

∣∣Z\Zm
]

F+
θ

(Y2)−F+
θ

(Y1)

Y2 1−F+
θ

(Y2).

(2.18)

An equivalent expression holds for Z−
dαme:m . Correspondingly, the above condi-

tional expectation is equivalent to,

Eθ

[
Z+
dαme:m

∣∣∣Z\Zm

]
= Y2 −

∫ Y2

Y1

F+
θ (z)dz,
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and so the conditional expectation of the symmetric MVD derivative estimator
is an integral of the difference between the MVD distribution functions

Eθ
[
DMVD

2 (m)
∣∣Z\Zm

]= Eθ[cθm
(

Z+
dαme:m −Z−

dαme:m

)∣∣∣Z\Zm

]
=−

∫ Y2

Y1

cθm
(
F+
θ (z)−F−

θ (z)
)

dz. (2.19)

Justification for the interchange between integral and derivative is given in
Theorem 2.1. For the remainder of the proof, the only difference to the SF deriva-
tion is the equivalent derivation leading to Equation (2.17): the distributional
convergence of the parameter derivative to the conditional expectation. The θ-
derivative of the distribution function is defined via the measure-valued deriva-
tive, which can be seen by letting h(Z ) = 1{Z ≤ z} in Equation (1.21),

∂

∂θ
Fθ(z) = cθ

(
F+
θ (z)−F−

θ (z)
)

. (2.20)

Equation (2.21) below is the MVD equivalent of Equation (2.17).

lim
m→∞

d

dθ
Eθ

[
cθm

(
Z+
dαme:m −Z−

dαme:m

)∣∣∣Z\Zm

]
=−

cθ
(
F+
θ

(qα(θ))−F−
θ

(qα(θ))
)

fθ(qα(θ))
E

= ∂

∂θ
qα(θ)E . (2.21)

The rest follows as in the Score Function proof using the MVD version of Theo-
rem 2.1. �

The Strong Consistency result in Theorem 2.2 determined that our deriva-
tive estimators are asymptotically unbiased w.r.t. the correct value of the quan-
tile sensitivity. In the following we determine the leading order behaviour of
the difference between the actual quantile sensitivity and the estimators. Both
Lemmas A.1 and A.2 are again applied.

Theorem 2.3 (Rate of Asymptotic Unbiasedness). Suppose that conditions (A1)
and (A3) to (A6) are satisfied, and assume that each MVD random pair together
with the nominal random variable; i.e., (Z , Z+

1 , Z−
1 ), possess the same, arbitrary

dependence. For D(m) ∈ {DMVD
1 (m), DMVD

2 (m), DSF
1 (m), DSF

2 (m), D IPA(m)} it holds
that ∣∣Eθ[D(m)−qα(θ)

]∣∣= O

(
1

m

)
,

provided the appropriate version of condition (A2) holds as well.
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Proof: For IPA the derivation is given in Hong [57] by writing the quantile deriva-
tive as a measurable function of the quantile, where the key ingredient of the
proof is a Taylor series expansion of the order statistic provided in David and
Nagaraja, [18].

For SF and MVD, the proof applies to both derivative estimators since both
estimators have the same mean. The proof for the symmetric SF estimator is
given. In this proof, we define a relationship operator ' as follows: for two fam-
ilies of random variables, (Rm), (Sm), on a common probability space, (Ω,F ,P),
these families possess the relationship Rm ' Sm if a measurable set K exists with
P(K ) = 1 such that for all ω ∈ K it holds that limm→∞ Rm/Sm = 1. Hence, "'"
can be considered as the almost sure equivalent to the similarity relationship,
denoted by ∼, between (deterministic) functions on the real line, which is given
as follows: for functions, r (x), s(x), r (x) ∼ s(x) if limx→∞ r (x)/s(x) = 1.

We begin with the conditional expectation for the symmetric SF estimator
in Equation (2.15) in the Strong Consistency result. The random variables Y1 =
Zdαme−1:m−1 and Y2 = Zdαme:m−1 represent order statistics on the data set Z\Zm =
(Z1, . . . , Zm−1), and with this notation we write

Eθ
[
DSF

2 (m)
∣∣Z\Zm

]=−
∫ Y2

Y1

m
∂

∂θ
Fθ(z)dz.

As already mentioned in the proof of Theorem 2.2, the parameter derivative of
the distribution function is given via its expectation

∂

∂θ
Fθ(z) = Eq

[
1{Zm ≤ z}

∂
∂θ fθ(Zm)

p(Zm)

]
.

To find the leading term of the integral, we use a two term Taylor expansion of
∂θFθ centred at z = Y1, using the Lagrangian form of the remainder

Eθ
[
DSF

2 (m)
∣∣Z\Zm

]=−
∫ Y2

Y1

(
m

∂

∂θ
Fθ(Y1) + m(z −Y1)

∂2

∂z∂θ
Fθ

(
ξSF

m

))
dz,

where ξSF
m ⊂ (Y1,Y2) ⊂ B2rm−1 (qα(θ)), see the proof of Lemma A.2 for the defini-

tion of B2rm−1 (qα(θ)),

'−m

(
∂

∂θ
Fθ(Y1)

)
(Y2 −Y1) − mcSF

1,m(Y2 −Y1)2. (2.22)

The term cSF
1,m ≥ | ∂2

∂z∂θFθ(y)|/2, for y ∈ B2rm−1 (qα(θ)). This is bounded by Assump-
tion (A5).
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The derivation for the MVD symmetric estimator follows from the same line
of argument applied to the measure-valued derivative expression for the param-
eter derivative of the distribution function put forward in Equation (2.20). More
specifically, we begin with a similar integral as displayed in Equation (2.19), and
we again use a two term Taylor series centred at z = Y1 with Lagrangian remain-
der. This leads to the following expression

Eθ
[
DMVD

2 (m)
∣∣Z\Zm

]
=−

∫ Y2

Y1

cθm
(
F+
θ (z) − F−

θ (z)
)

dz

=−cθ

∫ Y2

Y1

m
(
F+
θ (Y1)−F−

θ (Y1)
) + m

(
f +
θ

(
ξMVD

m

)− f −
θ

(
ξMVD

m

))
(z −Y1)dz,

where ξMVD
m ⊂ (Y1,Y2) ⊂ B2rm−1 (qα(θ)),

'−m

(
∂

∂θ
Fθ(Y1)

)
(Y2 −Y1) − mcθcMVD

1,m (Y2 −Y1)2. (2.23)

The term cMVD
1,m ≥ | f +

θ
(y)− f −

θ
(y)|/2, for all y ∈ B2rm−1 (qα(θ)). Note that cθcMVD

1,m =
cSF

1,m .
In the following, we only consider the asymptotic expansion of the symmet-

ric SF estimator in Equation (2.22). For this estimator, we start by determining a
Taylor Series to the necessary number of terms. We define,

W1 := ∂

∂θ
Fθ(Y1)

W2 := Y2 −Y1,

which gives

Eθ
[
DSF

2 (m)
∣∣Z\Zm

]'−mW1W2 − mcSF
1,mW 2

2 . (2.24)

We start by expanding the random variable W1. We use a two term Taylor
polynomial, centred at z = qα(θ) with Lagrangian form of the remainder. This
Taylor polynomial follows the Taylor series presented in [18], pp. 84, where the
difference to the cited case is that the authors expand the expected value of an
order statistic, whereas we are expanding the conditional expectation w.r.t. a
random variable. The resulting polynomial for W1 is

W1 ' ∂

∂θ
Fθ(qα(θ)) + 2cSF

1,m(Y1 −qα(θ)). (2.25)
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We now rewrite Y1 − qα(θ) in terms of the standard Uniform distribution with
support (0,1). To this end, we let T1 = Udαme−1:m−1 and T2 = Udαme:m−1 denote
order statistics of the standard Uniform distribution, equivalent to Y1, Y2 for l =
1,2, Tl = F−1

θ
(Yl ). We arrive at the following expression for Y1 −qα(θ):

Y1 − qα(θ) = F−1
θ (T1) − F−1

θ (α). (2.26)

As a next step, we approximate the RHS of the above equation with the help of
the Mean-Value Theorem. First, note that

∂

∂y
F−1
θ (y) = 1

fθ(F−1
θ

(y))
.

Let

c2,m = sup
y∈B̂tm−1 (qα(θ))

∣∣∣∣ ∂∂y
F−1
θ (y)

∣∣∣∣ ,

where the set B̂tm−1 (α), via the relation y = F−1
θ

(t ), t ∈ (0,1), is the pre-image to
the open ball Brm−1 (qα(θ)), given as follows

B̂tm (qα(θ)) =
{

t : |t −α| ≤ tm = 2
(ln(m))

1
2

m
1
2

}
. (2.27)

Applying the Mean-Value Theorem to the RHS of (2.26) provides

Y1 −qα(θ) = F−1
θ (T1)−F−1

θ (α)

' c2,m(T1 −α),

and we conclude that Y1 − qα(θ) from Lemma A.1 is absolutely bounded from
above, hence uniformly integrable.

For the term W2, we approximate this expression with a three term Taylor
series, centred around z = α, This is presented in Equation (2.28), where again
we apply the Lagrangian remainder:

W2 '
(
F−1
θ (α) +

(
∂

∂z
F−1
θ (α)

)
(T2 −α) + c3,m(T2 −α)2

)
−

(
F−1
θ (α) +

(
∂

∂z
F−1
θ (α)

)
(T1 −α)+ c3,m(T1 −α)2

)
= 1

fθ(qα(θ))
(T2 −T1) + c3,m(T2 −T1)(T2 +T1 −2α), (2.28)
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where c3,m is related to the second derivative of the distribution function; i.e.,

c3,m = sup
y∈B̂tm−1 (α)

∣∣∣∣ ∂2

∂y2 F−1
θ (y)

∣∣∣∣ = sup
y∈Brm−1 (α)

∣∣∣∣∣∣−
∂
∂y fθ(y)

f 3
θ

(y)

∣∣∣∣∣∣ ,

which is finite by (A6).
We proceed to combine Equations (2.25) and (2.28) into the symmetric SF

integral expression, Equation (2.24). The resulting Taylor expansion for both es-
timators is given below, noting that the definition of the derivative of the quan-
tile Equation (2.8), is the first term of this expansion

−mW1W2 ' m

(
∂

∂θ
qα(θ)

)
(T2 −T1) − mc3,m

(
∂

∂θ
Fθ(qα(θ))

)
(T2 −T1)(T2 +T1 −2α)

−2mcSF
1,mc2,m

(
∂

∂z
F−1
θ (α)

)
(T2 −T1)(T1 −α)

−2mcSF
1,mc2,mc3,m(T2 −T1)(T1 −α)(T2 +T1 −2α).

For the second term of Equation (2.24), the square of the expansion of Equation
(2.28), contains a number of terms for the sub-leading orders

−mcSF
1,mW 2

2 '−mcSF
1,m

(
∂

∂z
F−1
θ (α)

)2

(T2 −T1)2

−2mcSF
1,mc3,m

(
∂

∂z
F−1
θ (α)

)
(T2 −T1)2(T2 +T1 −2α)

−mcSF
1,mc2

3,m(T2 −T1)2(T2 +T1 −2α)2. (2.29)

Here the derivatives are not simplified as there is no need to and typographically
not preferred. Equation (2.29) is uniformly integrable due to a combination of
both appendix Lemmas A.1 and A.2.

We now have the necessary components of the asymptotic expansion for
the symmetric SF estimator, Equation (2.22). For the remainder of this proof, we
now determine the unconditional expectation of this estimator. This involves
the computation of expectations of functions of Uniform U (0,1) order statistics.
These computations were conducted via the Maple 14 programming package
and are provided in Appendix A.2, where the needed expectations are Equations
(A.8) - (A.10), (A.12) - (A.14), and (A.16).

With these expectations, we attain, after some laborious algebraic compu-
tations, our final answer for the rate of asymptotic unbiasedness for each of the
SF derivative estimators. Recall that the proof for MVD follows from the same
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line of argument and will lead to the same result: compare (2.22) and (2.23). De-
noting D(m) ∈ {DSF

1 (m),DSF
2 (m),DMVD

1 (m),DMVD
2 (m)} as the catch-all term, the

asymptotic expansion is written as the following

Eθ[D(m)]− ∂

∂θ
qα(θ) = E[Eθ[D(m)|Z\Zm]]− ∂

∂θ
qα(θ)

≈− 1

m +1

(
2(1−α)c3,m

(
∂

∂θ
Fθ(qα(θ))

)
+2cSF

1,m

(
∂

∂z
F−1
θ (α)

)2

+4α(1−α)cSF
1,mc2,mc3,m

− 2αcSF
1,mc2,m

(
F−1
θ (α)

))− 1

(m +1)(m +2)

(
16α(1+α)cSF

1,mc2,mc3,m

+
(
4(3−4α)cSF

1,mc3,m

(
∂

∂x
F−1
θ (α)

)
−8α(1−α)c3,m

))
−

24(1−α)2cSF
1,mc2

3,m

(m +1)(m +2)(m +3)
.

More simply, the expansion above is written as

Eθ[D(m)] − ∂

∂θ
qα(θ) = O

(
1

m

)
,

which proves the claim. �
For a statistical analysis of the simulation output, it is desirable to be able to

construct a confidence interval for ∂θqα(θ). The following result states that this
is indeed possible.

Theorem 2.4 (Central Limit Theorem). Suppose that Assumptions (A1) and (A3)
to (A6) are satisfied and suppose we require the limiting behaviour between k and
m to be, k1/2/m → 0 as (m,k) → (∞,∞). For D(m,k) ∈ {DMVD

1 (m,k),DMVD
2 (m,k),

DSF
1 (m,k),DSF

2 (m,k),D IPA(m,k)} it holds that

D(m,k)− ∂
∂θqα(θ)

(Var(D(m,k)))1/2
d→ N (0,1), (2.30)

as (m,k) → (∞,∞) provided the appropriate version of Assumption (A2) holds as
well.

Proof: Essentially the proof is the same as in [57]. For l = 1,2, the LHS of Equa-
tion (2.30) can be rewritten as

D(m,k)− ∂
∂θqα(θ)

(Var(D(m,k)))1/2
= D(m,k)−E[D(m,k)]

(Var(D(m,k)))1/2
+ E[D(m,k)]− ∂

∂θqα(θ)

(Var(D(m,k)))1/2
. (2.31)

The first term on the RHS of Equation (2.31) is equal to the standard nor-
mal distribution as (m,k) → (∞,∞) due to the Lévy Central Limit Theorem.
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For this term, the conditions apply since the Z( j ), 1 ≤ j ≤ k, in Z are i.i.d. For
the MVD derivative estimators, the measure-valued derivative random variable
pairs, (Z+

i ( j ), Z−
i ( j )), 1 ≤ i ≤ m, are i.i.d. and are independent of Z with possible

exception of the random variables in Z the MVD random variable pair relates
to. Hence, once the second term equals zero in the limit, under the required
conditions, the proof is complete.

For the second term in Equation (2.31), from Theorem 2.3, E[D(m,k)]−
∂θqα(θ) = O(1/m). In addition, Var(D(m,k)) = O(1/k). Finiteness is assured by
Assumption (A3), and the variance is computed as a sum of i.i.d. replications
of estimators. Combining these behaviours for each component of the second
term, as (m,k) → (∞,∞), it is possible to compute (for the sake of brevity we
omit the details) an upper bound L <∞ such that∣∣∣∣∣E[D(m,k)]− ∂

∂θqα(θ)

(Var(D(m,k)))1/2

∣∣∣∣∣≤ L
k

1
2

m
. (2.32)

Given our requirement on the relation between m and k, the LHS in Equation
(2.32) tends to zero as (m,k) → (∞,∞). �.

From this result we can deduce our confidence intervals. Again, let the ran-
dom variable D(m,k) ∈ {D IPA(m,k), DMVD

1 (m,k),DMVD
2 (m,k),DSF

1 (m,k),
DSF

2 (m,k)} denote any of the presented derivative estimators and write D(m,k) =
(1/k)

∑
Di (m)) with Di (m) the i th realization of the estimator represented by

D(m,k).

Corollary 2.1 (Confidence Interval at level β ∈ (0,1)). Suppose that Assumptions
(A1) to (A6) are satisfied. Then the symmetric two-sided confidence interval at
level β ∈ (0,1) for each of the quantile sensitivity estimators, D(m,k), is written as

∂

∂θ
qα(θ) ∈

(
D(m,k) − q1−β/2p

k

√
Var(D1(m)), D(m,k) + q1−β/2p

k

√
Var(D1(m))

)
where qγ is the quantile function for the standard t-distribution, T (k−1), with k−
1 degrees of freedom at level γ ∈ (0,1). By standard methods, we can also construct
one-sided intervals.

To compute the confidence intervals, we provide in the last part of this sec-
tion a statistic that almost surely converges to the variance of the derivative es-
timator for a given column.

Lemma 2.2 (Variance Estimator). Provided that Assumptions (A1) to (A6) are
satisfied, it holds for each of the derivative estimators D(m,k) as k →∞ that

S(m,k) := 1

k −1

(
k∑

i=1
(Di(m))2 − 1

k

(
k∑

i=1
Di(m)

)2)
a.s.→ Var(D1(m)).
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Proof: We begin with a rearrangement of S(m,k):

S(m,k) = k

k −1

(
1

k

k∑
i=1

(Di (m))2 −
(

1

k

k∑
i=1

Di (m)

)2)
. (2.33)

The estimator is finite, for each derivative estimator, by Assumption (A3). By the
Strong Law of Large Numbers [96], we attain as k →∞

1

k

k∑
i=1

(Di (m))2 a.s.→ E
[
(D1(m))2]

and

1

k

k∑
i=1

Di(m) = D(m,k) a.s.→ E[D1(m)] . (2.34)

Combining Equation (2.34) with the Continuous Mapping Theorem [101], using
the map a(x) = x2 for the second term in Equation (2.33), and a Slutsky Theorem
[45], we get as k →∞,

S(m,k) a.s.→ E
[
(D1(m))2]−E2[D1(m)] = Var(D1(m)) .

as required. �.

2.4.2 Examples

In this section we present numerical examples to illustrate the performance of
the derivative estimators for the QS problem.

It is worth noting that the computation of the symmetric MVD estimator re-
quire sorting each sample Z( j ), 1 ≤ j ≤ k, after the substitution of a realization
of Zm in each sample by a realization of Z+

m and Z−
m , respectively. A naïve im-

plementation of the standard MVD derivative estimators would require to run a
sort algorithm 2m times, which would cause a large computational burden. To
circumvent this problem for the standard estimator, we elaborate on Equation
(2.18) for the evaluation of D1(m). More specifically, the values for Y1, Y2 can
be attained by ordering Z\Zm , and inferring the result for both order statistics,
each being one of three possible outcomes3. These pairs depend on whether the
rank l = 1, . . . ,m is less than, equal to, or greater to dαme. We then keep the order
sample Z\Zm and compute Equation (2.18) for m independent realizations of
Z+

m and Z−
m , respectively.

3There are only two possible outcomes for each order statistic for the extreme ranks dαme =
1,m.
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2.4.2.1 A PERT Graph

A Stochastic Activity Network (SAN) is a weighted, directed, acyclic graph in
which the following two conditions hold:

1. the activity times (edges), representing times, are fixed or stochastic in na-
ture and are strictly positive, and

2. the incoming activities to each event (node) represent a set of precedence
conditions in which each activity must be completed before the event oc-
curs.

In the following we will discuss an application of SAN for the Project Eval-
uation Review Technique (PERT). Here, the SAN is an abstraction of the stages
or intermediate steps (nodes) during the course of the project and the tasks that
are required by the different groups of people to get to each stage (edges). The
weight of each edge represents the amount of time a group requires to complete
the task. This weight can be deterministic or stochastic. The precedence condi-
tions are merely the completion of the tasks set towards each group at a partic-
ular stage. The PERT graphs have one source and one sink node, representing
the beginning and end of the project. A more detailed discussion on Stochastic
Activity Networks and PERT in particular are given in [21], [22], [84].

We use a simple graph used before in [27] and [54]. The graph is presented
in Figure 2.3, consisting of five nodes and six edges. Node one is the source;
node six in the sink. In this graph, there are three paths, denoted by ζ1 = (1,4,6),

Figure 2.3: Graph of the Stochastic Activity Network (SAN).

ζ2 = (1,3,5,6), and ζ3 = (2,5,6). The weights of the edges are denoted by Xi , for
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1 ≤ i ≤ 6, where Xi represents the duration of the execution of task i . The du-
ration time for each path, denoted by Z = h(X ,ζi ), is the sum of the weights
of the travelled edges along that path. Due to the precedence conditions, the
completion time of the project is given by the path with the maximal weight.
Specifically, let ζ∗ denote this maximal path, also called the critical path, then

Z = h(X ,ζ∗) =


X1 +X4 +X6 if ζ∗ = ζ1,

X1 +X3 +X5 +X6 if ζ∗ = ζ2,

X2 +X5 +X6 if ζ∗ = ζ3.

For each of these activities, the random variables Xi are distributed accord-
ing to a combination of a fixed component, denoted by ti , and an exponential
random variable with rate λi , denoted by Yi , i.e., Xi = ti +Yi . In terms of a PERT
network, the choice of distribution for the random variables, Xi , 1 ≤ i ≤ 6, repre-
sents that the completion of the task requires a certain minimal amount of time
as well as an uncertain component, inherent when forecasting the completion
time for a set of tasks. The exponential shape comes from a memoryless con-
sideration for the amount of time a set of tasks needs to be completed given the
extent of completion of these tasks.

In this example we are interested in determining the derivative of the quan-
tile qα of the SAN’s completion time with regard to the parameters λ4 and λ5,
related to durations X4 and X5. The duration time X4 is only present on one
path, ζ1, whilst the duration time X5 is present on paths ζ2, ζ3. As the duration
times are stochastic, each of the three paths is critical with positive probability
and so the distribution of Z is an amalgam of sums of exponential random vari-
ables: not easily known and the quantile not analytically derivable. In order to
apply our quantile derivative results developed in this chapter, we considered
an i.i.d. sequence (Zi : 1 ≤ i ≤ m), where Zi represents the i th sample of the
duration time of the SAN. Since each path is effectively a sum of exponentially
distributed random variables, Assumptions (A1) to (A6) hold.

To derive the sensitivity estimator from either the IPA or SF method, the
methods require knowledge on the critical path. Following Section 1.2.4.1, the
critical path dependent IPA derivative estimator w.r.t. the parameter λ4 is

∂Z

∂λ4
=

{
− X4−t4

λ4
if ζ∗ = ζ1,

0 if ζ∗ = ζ2 or ζ3,

and w.r.t. the parameter λ5

∂Z

∂λ5
=

{
− X5−t5

λ5
if ζ∗ = ζ2 or ζ3,

0 if ζ∗ = ζ1.

72



2.4. THE QUANTILE PROBLEM

For the score function, if ζ∗ = ζ1

SFλ4(x) = 1

λ4
(1−λ4(x4 − t4))

and zero otherwise. While for ζ∗ = ζ2,ζ3

SFλ5(x) = 1

λ5
(1−λ5(x5 − t5)),

and zero if ζ∗ = ζ1.
Conversely, the MVD sensitivity is determined following the evaluation of

the completion time due perturbed weights introduced by the measure-valued
derivative distributions. The original critical path has no role in evaluating the
derivative. Specifically, let h(x1, x2, . . . , x6) be the weight of the critical path for
weights Xi = xi , 1 ≤ i ≤ 6; i.e., Z = h(X1, X2, . . . , X6). Let Yi be exponentially
distributed with rate λi , i = 4,5, independent of everything else.

Let v(x) = 1+ x, then Xi , for 1 ≤ i ≤ 6, is Bv -differentiable according to Sec-
tion 1.2.4.1. Since

E[Z |Xi = x] = E[h(X1, X2, . . . , X6)|Xi = x], 1 ≤ i ≤ 6,

as a mapping in x is an element of Bv , and we can apply Lemma 2.1 with D =
D̂=Bv . Elaborating on the presentation of the weak derivative of the exponen-
tial distribution put forward in Section 1.2.4.1, yields

∂Z

∂λ4
= cλ4

(
Z −Z−

4

)
where

Z−
4 = h(X1, X2, X3, X4 +Y4, X5, X6) and cλ4 = 1

λ4
,

and

∂Z

∂λ5
= cλ5

(
Z −Z−

5

)
where

Z−
5 = h(X1, X2, X3, X4, X5 +Y5, X6) and cλ5 =

1

λ5
.

For the PERT Graph, the probability levels are, α = 0.50,0.90,0.95. For the
completion times of the set of tasks representing each edge, Xi = ti +Yi , with
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Yi being an exponential random variable with rate λi ) independent of every-
thing else, the rates for each exponentially distributed random are given by λ=
(λ1, . . . ,λ6) = (2/3,1/2,1/2,1/4,2/3,1), and the minimal completion times are
t = (4.5,6,3,4,3.5,6). The mean time of completion for each edge is equal to
(µ1, . . . ,µ6) = (6,8,5,8,5,7), and the consequent mean time of completion for
each path is (ζ1,ζ2,ζ3) = (21,23,20). The choice of the parameters is to ensure
that each of the paths is critical with positive probability. By extensive simula-
tion, we determined the probability of each path being critical as (π1,π2,π3) =
(0.2455,0.6476,0.1069). The sensitivity estimates are compared to a Finite Dif-
ference (FD) estimate attained from brute-force simulation.

The numerical examples are presented in Table 2.4. RMS, std. dev. , WNV
and cov. prob. are determined over 500 replications.

In Figure 2.4 the RMS error is presented for α = 0.90. The number of simu-
lated data per estimate is given by m, and the number of estimates is denoted
by k. Results are given in terms of the number of simulated data m ×k. As the
results show, IPA has larger RMS error than the MVD estimators for m = k

1
2 .

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2

 1000  10000  100000

R
M

S 
Er

ro
r

Example: A PERT Graph. Sensitivity w.r.t. λ4. RMS Error.
Effect of Mean RMS Error, over 500 Sensitivity Estimates, due to Array Configuration.
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Figure 2.4: The effect of the RMS error for PERT Graph example.

2.4.2.2 A Queueing Network Example

Consider a simple stationary queuing network, with Poisson-λ arrival stream,
consisting of three queues with infinite buffer capacity. Jobs arrive from the out-
side to station 1 and are being served with exponential service rate µ1. From
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Derivative w.r.t. λ4: n = 216, with m = 1598, k = 41, α= 0.90. FD Value =−1.778×101

IPA SF1 SF2 MVD1 MVD2

Mean −1.782×101 1.615×101 8.990×102 −1.774×101 −1.770×101

RMS Error 0.20250 4.144×101 1.631×103 0.1556 0.5820
Std. Dev. 3.6041 7.368×102 2.901×104 2.7701 1.036×101

WNV 7.021×10−4 2.475×102 9.366×104 0.1138 0.1070
Cov. Prob. 0.9460 0.9360 0.9120 0.9320 0.8160

Derivative w.r.t. λ4: n = 216, with m = 41, k = 1598, α= 0.90. FD Value =−1.778×101

IPA SF1 SF2 MVD1 MVD2

Mean −1.737×101 −1.646×101 −1.339×101 −1.739×101 −1.743×101

RMS Error 4.017×10−2 1.0677 6.7034 3.316×10−2 8.409×10−2

Std. Dev. 0.5873 1.896×101 1.192×102 0.4434 1.4543
WNV 5.038×10−5 0.1674 4.3635 2.912×10−3 3.1543×10−3

Cov. Prob. 0.8720 0.9420 0.9500 0.8660 0.9400

Derivative w.r.t. λ5: n = 216, with m = 1598, k = 41, α= 0.90. FD Value =−2.6770
IPA SF1 SF2 MVD1 MVD2

Mean -2.6743 −1.706×101 −8.900×102 -2.6618 -2.6064
RMS Error 0.1897 1.006×102 4.287×103 0.1557 0.9323
Std. Dev. 0.5084 2.691×102 1.145×103 0.4169 2.4973
WNV 1.441×10−5 3.312×101 1.458×104 2.604×10−3 6.133×10−3

Cov. Prob. 0.9440 0.9400 0.9060 0.9280 0.6800

Derivative w.r.t. λ5: n = 216, with m = 41, k = 1598, α= 0.90. FD Value =−2.6770
IPA SF1 SF2 MVD1 MVD2

Mean -2.6191 -2.9748 -1.6988 -2.6159 -2.6316
RMS Error 3.916×10−2 2.5766 1.703×101 3.439×10−2 0.1172
Std. Dev. 8.747×10−2 6.8982 4.562×101 6.890×10−2 0.3107
WNV 1.363×10−6 2.220×10−2 0.6387 7.236×10−5 1.476×10−4

Cov. Prob. 0.9460 0.9440 0.9600 0.9580 0.9420

Table 2.4: The summary statistics for the five derivative estimators for the PERT
Graph example.

station 1 they continue with probability p to station 2 where they are served
with exponential service rate µ2 or, alternatively, they continue to station 3 with
probability 1−p where they are served with exponential service rateµ3. The jobs
leave the system once the service at station 2, respectively, at station 3 is com-
pleted. We assume that the queueing network is stable; i.e., λ < min(µ1, µ2/p,
µ3/(1−p)).

For 1 ≤ i ≤ 3, let Xi denote exponential random variables with the following
means: X1 has mean 1/(µ1−λ), X2 has mean 1/(µ2−λp), whilst the mean of ran-
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dom variable X3 is 1/(µ3−λ(1−p)). In addition, let δ(p) be the random variable
indicating the Bernoulli routing of the jobs from the first station, i.e., δ(p) = 2
with probability p and δ(p) = 3 with probability 1−p. By Burke’s theorem [11],
it is possible to compute the distribution of the departure process at the first
station as a Poisson-λ process. Correspondingly, the arrival process at station 2,
respectively, station 3 are Poisson-λp, respectively, Poisson-λ(1−p) processes.
Additionally, since this network satisfies the "overtake-free“ condition4 , from
Theorem 2.2 in [9], the sojourn times at each station are independent with the
distribution function specified by the respective random variables. The sojourn
time of a job; i.e., the total time elapsed between entering and leaving the sys-
tem, is then the sum of the sojourn times of each station the job enters into and
in distribution is equal to

X1 +Xδ(p). (2.35)

And the expected stationary sojourn time is given by

1

µ1 −λ
+ p

µ2 −λp
+ 1−p

µ3 −λ(1−p)
.

Let qα(θ) denote the α-quantile of the stationary sojourn time. In the fol-
lowing we apply our estimators to estimate the sensitivity of qα(θ) with respect
to the first service rate θ = µ1. Even though it is possible to attain a closed ex-
pression for the distribution of the stationary sojourn time, a closed analytical
expression cannot be attained for theα-quantile and hence has to be solved nu-
merically. Also, from the above expression for the mean sojourn times it can be
seen that the sensitivity of the mean stationary sojourn time with respect to µ1

can be easily computed.
To compute each quantile sensitivity, we have our i.i.d. sequence of m ran-

dom variables, where Zi is a sample of the stationary sojourn time as provided
in (2.35). As in the Stochastic Activity Network, Assumptions (A1) to (A6) are sat-
isfied. For the derivative estimators, we consider the overall sojourn time to be
the sum of observable sojourn times through the stations; i.e, we write

Zi = h(X1, X2, X3,δ(p))

with h(x1, x2, x3,d) = x1+x21{d = 2}+x31{d = 3}. Moreover, from Section 1.2.4.1,
we attain

∂

∂µ1
Zi = ∂

∂µ1
h(X1, X2, X3,δ(p)) = − 1

µ1 −λ
X1

4because for any two jobs that both arrive at either station 2 or 3, the job that arrives first at
station 1 will arrive first at the subsequent station.
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for IPA, and the score function is given by

SFµ1(x1, x2, x3,d) = 1

µ1 −λ
−x1.

For the MVD estimator, let v(x) = 1+x, then Xi , for 1 ≤ i ≤ 3, isBv -differentiable
according to Section 1.2.4.1. Since, for 1 ≤ i ≤ 3,

E[Z |Xi = x] = E[h(X1, X2, X3,δ(p))|Xi = x]

as a mapping in x is an element of Bv , by Lemma 2.1, with D= D̂=Bv , elabo-
rating on the presentation of the weak derivative of the exponential distribution
put forward in Section 1.2.4.1, yields the measure-valued derivative triple:

Z+ = Z and Z− = h(X1 +Y , X2, X3,δ(p)) = Z +Y ,

and cµ1 = 1/(µ1 −λ). The random variable Y is a independent copy of an expo-
nential random variable X1 with rate µ1 −λ.

Remark 2.3. Note that both the IPA and the Score Function estimator require that
the individual sojourn times at stations 1, 2 and 3 are observable. This is in con-
trast to the MVD estimator that only requires that the realized sojourn time is
observable.

In this example, we choose the probability levels to be α = 0.50,0.95. The
arrival rate is set to λ = 1, and after completing service at the first station, jobs
are routed to the second station with probability p = 3/4 and the third station
with probability 1−p = 1/4. The service rates are µ1 = 5/4, µ2 = 8/5, µ3 = 14/15.
The actual value of the quantile derivative is computed analytically via Equation
(2.8) using a root finding algorithm.

The numerical results are presented in Table 2.5. The n = 212, respectively
n = 218, observations are arranged in a m × k array in which the estimate is a
sample average of k = 64 estimates each containing m = 64 observations and
k = m = 256 observations for the second case. As with the other examples the
statistics, RMS error, standard deviation (Std. Dev.), work-normalized variance
(WNV), and 95% coverage probability (Cov. Prob.) are determined over 500 in-
dependent replications.

Figure 2.5 presents the coverage probabilities. Results are given in terms of
the number of simulated data n = m ×k. Only the IPA and both MVD derivative
estimates are given and the probability level is chosen to be α= 0.90.
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n = 212, m = k, α= 0.50. Actual Value =−1.120×101

IPA SF1 SF2 MVD1 MVD2

Mean −1.102×101 −1.042×101 −2.097×101 −1.115×101 −1.120×101

RMS Error 5.413×10−2 1.5482 1.200×101 0.1237 0.2934
Std. Dev. 0.5809 1.734×101 1.341×102 1.3855 3.2881
WNV 1.864×10−5 8.877×10−3 1.4820 1.146×10−3 2.937×10−3

Cov. Prob. 0.9360 0.9360 0.9360 0.9320 0.9080

n = 212, m = k, α= 0.95. Actual Value =−4.664×101

IPA SF1 SF2 MVD1 MVD2

Mean −4.532×101 −4.423×101 −3.596×101 −4.506×101 −4.435×101

RMS Error 4.117×10−2 1.1990 9.4165 0.1162 0.3850
Std. Dev. 1.3953 5.593×101 4.395×102 5.1896 1.783×101

WNV 9.590×10−5 8.759×10−2 1.549×101 2.617×10−2 8.628×10−2

Cov. Prob. 0.8320 0.9420 0.9260 0.9140 0.8620

n = 218, m = k, α= 0.50. Actual Value =−1.120×101

IPA SF1 SF2 MVD1 MVD2

Mean −1.117×101 −1.121×101 −2.645×101 −1.117×101 −1.118×101

RMS Error 1.686×10−2 1.4829 3.551×101 4.468×10−2 9.695×10−2

Std. Dev. 0.1865 1.662×101 3.978×102 0.5003 1.0865
WNV 4.000×10−6 7.924×10−2 2.869×101 9.239×10−3 3.688×10−3

Cov. Prob. 0.9580 0.9460 0.9340 0.9420 0.9600

n = 218, m = k, α= 0.95. Actual Value =−4.673×101

IPA SF1 SF2 MVD1 MVD2

Mean −4.673×101 −4.664×101 1.771×101 −4.657×101 −4.637×101

RMS Error 8.188×10−3 1.1742 2.638×101 4.094×102 0.1466
Std. Dev. 0.3339 5.482×101 1.230×103 1.9102 6.8393
WNV 8.567×10−6 0.8038 2.614×102 0.3214 0.1515
Cov. Prob. 0.9540 0.9440 0.9400 0.9660 0.9420

Table 2.5: The summary statistics for the five derivative estimators for a Queue-
ing Network Example. Sensitivities are with respect to the service rate of the first
queue.

2.5 Guidelines for Derivative Estimation of Order Statistic
Related Performance Characteristics

The IPA estimator from [57] is the preferred approach having the least standard
deviation of the three techniques, being computationally fast and relatively easy
to implement (to program the IPA estimator is almost as simple as to program
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Figure 2.5: The change in coverage probabilities due to a change in the array
configuration for a Queueing Network Example.

the derivative Z1(θ)). Of the distributional methods, the MVD derivative estima-
tors are the only choice. Either the standard or symmetric estimator is a viable
choice with the work-normalized variance for both estimators are commensu-
rate to each other. Generally speaking, the standard derivative estimator has
the better standard deviation and results relating to the coverage probability,
whereas the symmetric estimator is quicker and easier to compute. The SF esti-
mators are not viable choices due to their high standard deviation. The relative
speed in computing the SF derivative estimators does not compensate for this
defect.

The numerical properties of the estimators can best be understood via the
strong consistency proofs. From Equation (2.11), the IPA estimator is determin-
ing the parameter derivative of the sample performance falling between two or-
der statistics. These order statistics will not vary too much in the estimate of
D IPA(m), being, from Lemma A.1, away from the quantile of O(ln1/2(m)/m1/2),
and from each other by the same extent. For the MVD derivative estimators, par-
ticularly for the symmetric estimator, the problem lies in Equation (2.21) where
the limiting spacing result for DMVD

2 (m) is an exponential random variable, im-
plying significant variability. The symmetric MVD estimator is at its heart a
mean of the difference of two estimators. Though the absolute bound on the
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difference is a spacing, for each estimate the size of the spacing differs. And
for the symmetric derivative estimator, the number of estimates DMVD

2 (m) that
have a positive value, a negative value, or no value differs for each realization.
The standard MVD derivative estimator is in effect providing an additional sam-
ple average within DMVD

1 (m) through the successive single substitutions of the
m random variables.

In terms of work-normalized variance, the IPA estimator is the preferred
choice when applicable. For example, in the PERT Graph example, Table 2.4,
the work-normalized variance is 60-200 times smaller than that of the standard
MVD derivative estimator. For the coverage probability, we only consider IPA
and both MVD derivative estimators due to the poor performance of the Score
Function Method. The coverage probability plots, either for the order statis-
tic sensitivity, Figure 2.2, or for the quantile sensitivity, Figure 2.5, informs us
that we need a sufficient number of estimates for the coverage probability to ap-
proach a value near 0.95. It is best to choose the sample size to be at least as
large as the number of estimates, m ≥ k. For IPA, the data suggests to choose
m = k2. For fixed m, increasing the number of estimates degrades the coverage
probability. Though not presented, in the quantile sensitivity case, the coverage
probability for m = k1/2 degrades towards zero, which is not surprising given the
Central Limit Theorem. The symmetric MVD estimator is best in this case by
our inference to the greater standard deviation of this approach.

An interesting observation is that the work-normalized variance makes the
two MVD derivative estimators competitive. The symmetric derivative estima-
tor, with only one substitution of an MVD random variable for each estimate of
DMVD

1 (m) is quicker (and easier) to compute than the standard version and com-
pensates for the deficiency in the standard deviation. In the examples all values
for the work-normalized variance for both standard and symmetric estimators
are comparable. For the most part the standard estimator bested the symmet-
ric derivative estimator with the exception of the Queueing Network Example,
Table 2.5, where the work-normalized variance of the symmetric estimator is a
factor of two less. The Score Function derivative estimators are faster and easier
to compute than either of the MVD versions though the improvement of time in
attaining an estimate does not nearly compensate for their ill performance.

The main challenge for IPA is that Lipschitz continuity often fails to hold or
is hard to check. See, for example, the portfolio credit risk model in [32], where
a conditioning approach is proposed in order to come up with a weaker set of
assumptions with respect to Lipschitz continuity. While this approach allows to
deal with non-Lipschitz continuous mappings h, it requires a careful analysis of
the model conditioned on each of the discontinuities of h. This is in contrast to
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the MVD estimator that can be attained in a straightforward manner, see Sec-
tion 2.3.2.2. Apart from the fact that conditioning via SPA becomes infeasible
for complex models, it requires in mathematical terms that h in Z = h(X ) is in-
vertible. A simple example were h fails to be invertible is provided in [59]. An
extreme example of a model where pathwise differentiability itself is an issue, is
the basket of stock example, where the sample path derivative fails to exist with
probability one for any t .

To summarize, IPA is the preferred method, when applicable. In case that
IPA is not applicable, one of the MVD estimators should be used with a prefer-
ence for the symmetric estimator due to simplicity of implementation. More-
over, an MVD estimator is preferable when one is interested in a robust quantile
sensitivity estimator that can be easily adapted to different choices of perfor-
mance function h.

Conclusion

In this chapter we have provided a unified analysis of all three main gradient
estimation approaches. We have developed the theory for the derivative esti-
mation of ranked-data over a finite data collection and for quantiles. From our
numerical comparison of the derivative estimators we conclude that IPA is the
preferred method, when applicable, otherwise one of the presented MVD es-
timators should be used with a preference for the symmetric estimator due to
ease of implementation. Moreover, an MVD estimator is preferable when one is
interested in a robust quantile sensitivity estimator that can be easily adapted
to different choices of performance function. In addition, a fast and efficient
implementation of the standard MVD estimator has been provided.
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